ON THE MAXIMUM PARTIAL SUMS OF SEQUENCES OF
: INDEPENDENT RANDOM VARIABLES(')

BY
KAI LAI CHUNG

1. Introduction. In this paper we deal with a sequence of independent

random variables X,, =1, 2, - - - . We write
(1) Sy = Z Xv:
y=1
(2) Sk = max |S,|.
1=<v=n

Two types of fundamental limit theorems are known about S,, the one cluster-
ing around the central limit theorem and the other the law of the iterated
logarithm.

In 1945 Feller [12](2) called attention to the study of the behavior of
S.¥. Since then an important result has been obtained by Erdss and Kac [8],
namely, the limiting distribution of S,;* for sufficiently general sequences of
X, This corresponds to the central limit theorem for S,. Now under certain
conditions when the distribution of S, tends to the normal distribution, an
estimate of the difference of the two distributions has been given by Liapou-
noff [17], Cramér [5], Berry [3] and Essen [9]. Cramér [6] and Feller [10]
have also obtained more precise estimates for this difference for certain
domains of variation of S,, which proved essential to the general form of the
law of the iterated logarithm. It is therefore of interest to make the same
kind of investigations regarding S.*. The problem is more difficult, since we
have as yet no standard tools as in the case of .S,. We shall prove in this direc-
tion, as consequences of a more general but less handy inequality (Lemma 7),
two theorems corresponding to the two types of estimation mentioned above.
In order to state them we introduce the following notations. Let E(X) de-
note the mathematical expectation of X. We shall assume that for each X, the
first moment is zero, and the third absolute moment is finite. Thus we can
write

(3) E(X,) = 0;

@ E(X) = ov; = o

v=1

Presented to the Society, September 4, 1947; received by the editors May 27, 1947.

(*) The present paper is the revised form of a Dissertation for the degree of Doctor of
Philosophy accepted by Princeton University, 1947.

(?) Numbers in brackets refer to the references cited at the end of the paper.
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) E(|X|)=v; Tu= Zn;'y..

Naturally we assume that s,— . We shall further make the following
assumption:

(6) max ya, = 0(ss )
1SvsEn

where 0 is a fixed but arbitrarily small positive number. Then we can prove
the following two theorems.

THEOREM 1. If ¢ is a positive constant, then we have

4 =2 (= 1) ( (27 + 1)21r2>
Pr (S" < e0) = _ @it o
r (Sn < ¢sa) "§2i+1exp ¥

1 n 1/2
o))
g sn
THEOREM 2. If g, | O and

®) g = 0((gz 5w
then we have(®)

™

2

9) Pr (Sh < gasa) = (1 + o(1)) exp (— ;2)

Theorem 2 is one of a number of possible statements; we give prominence
to it here because it furnishes the means of proving the next group of theorems
which we now consider.

We might attempt to extend the law of the iterated logarithm to S.*. This
turns out to be illusory since the same law holds for S,;* as for S,. More pre-
cisely, if ¢, T », we have always (“i. 0.” standing for “infinitely often”)

Pr (S: > ¢nSn 1. 0.) = Pr (S, > ¢as, i. 0.).

This is obvious since both S;* and ¢,s, are monotone increasing functions of
n. Hence in particular three of Feller’s theorems [11] read as follows:

I. If sup IX,,I =0(sn(lgs s2)~%2%) and ¢2=2 lg; so+3 lgs sa+2 lgi sa
+ - - +21g, 1 sat+(240) 1g, s then the probability

(10) Pr (Sh > Sudn i. 0.)

(%) Added in proof. For the application of Theorem 2 in Lemma 9 it is important to notice
that the constant in the o(1) term in (9) depends only on the constants in the O(1) terms in (6)
and (8), and the 8 in (6), but otherwise is independent of the random variables considered.
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is equal to zero or one according as 8 is positive or not.

II. If o T o and
Sn
sup | X, =°(§)’

n

then (10) s equal to zero or one according as the series

2

(2
> _2’1 Gne— IV

n sﬂ

s convergent or divergent.
II1. If ¢(t) T = and

o 1 -o(),

then Pr(S*>s.p(s2) i. 0.) is equal to zero or one according as the integral

w 1 .
f __¢(t)g—(1/2)¢ ) dt
t

is convergent or divergent.

These results give very precise upper bounds for S,*, with probability one.
The question naturally arises as to the precise lower bounds for S*. (We may
mention that the analogous problem for .S, has been treated by Erdés and the
author [4] and is radically different.) In this connection Erdés has com-
municated to the author the following result: there exist two constants
¢;>61>0 such that

*

——_sn(lgz s,,)—"l/2 < 02) = 1.

His method, of an elementary nature, does not seem capable of a sharper re-
sult. Using Theorem 2 stated above we can easily prove that

Pr <61 < lim inf

*
Pr <lim inff——" = 8‘"”21r) =1,
sn(lgs s,)72/2

This corresponds to Khintchine-Kolmogoroff’s original form of the law of the
iterated logarithm ([14] and [16]). However, we can go much further and
prove the following theorems which are the exact counterparts of Feller's
theorems cited above.

THEOREM 3. Under the assumptions (3) to (6), if
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(11) ¢n = Igs su+ 21gs sn +1gasu+ - -+ + lgps 50+ (1+ ) Igp 50
then

(12) Pr (S§ < 8 "xen sn i. 0.)

s equal to zero or one according as 8 is positive or not.

THEOREM 4. Under the same assumptions, if p, 1 o, then (12) is equal to zero
or one according as the series
2 2
ag. 2 —én
(13) > ;'; b
is convergent or divergent.
Theorem 3 is a particular case of Theorem 4.

THEOREM 5. Under the same assumptions, if ¢p(s2) T o, then

(14) Pr (St < 8 ne  (s2)sm L. 0.)

is equal to zero or one according as the integral
i |
(15) f — $O O

s convergent or divergent.

The similarity between these theorems and Feller's is indeed striking.
It should however be noted that the condition (6) is not the best possible,
although it is weaker than those considered by Cramér [5]. That condition
(6) can be trivially weakened will be apparent from the proof. But no com-
plete settlement of the question seems in sight.

We outline the methods of proof as follows. We approximate the distribu-
tion on S by that of
(16) max | S,

1= 75k

where k is an integer to be determined later and 0<m;< - - - <my=nis a
suitably chosen sequence such that s; ~jk™'s}.

In §2 we study the approximate distribution of (16). It is found to ap-
proach that of a k-dimensional normal distribution with a remainder we
shall estimate. The treatment in Lemma 2(%), much to be preferred to the

(*) In the special case of equal components Bergstrom’s result [2] seems to imply a better
estimate than Lemma 2, replacing the factor 4* by a fixed power of k. The improvement how-
ever is annulled by Lemma 3. It becomes essential in the problem of max S,, without the ab-
solute value. We shall consider this elsewhere. )
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author’s original proof using characteristic functions, is due to G. A. Hunt.

In §3 we estimate the difference between the distribution of S,* and that
of (16). This is done by a substantial improvement of the method of Erdés
and Kac (8), using sharper estimates resulting from the one-dimensional
Berry-Esseen estimate. To obtain the approximate distribution of S,* it re-
mains to evaluate the k-dimensional normal distribution obtained in §2. The
problem appears to be one of multiple integrals but has not been worked out
directly. Instead we use a quantitative refinement of the “invariance prin-
ciple” of Erdsés and Kac and study the simplest case of random walk. This
latter problem, being almost classical, has been treated by many authors with
different methods. However as we require not only the limiting distribution
but also a remainder no reference seems available in the literature. We shall
obtain the precise result by going back to a combinatorial formula due (ap-
parently) to Bachelier [1]. After this we combine the results in §§2 and 3 to
establish a theorem (Lemma 7) which includes Theorems 1 and 2 as par-
ticular cases. :

In §4 we prove Theorems 3, 4 and 5. The proof of these theorems depends
essentially on Theorem 2, which plays the role here as the theorem of Cramér-
Feller does in the case of Feller’s theorems cited above. Several arguments of
Feller’s are also used and the author’s indebtedness to his previous work is
considerable.

The author wishes to express his gratitude to Professor Cramér for his
warm encouragement and valuable counsel. To Dr. Erdés, whose first result
actually started the investigation, the author owes many heartfelt thanks for
his sustained interest. To Mr. Hunt, who is responsible not only for Lemma 2
but for many corrections on the original manuscript, the author’s gratitude
is equally great.

2. An approximation theorem for a certain multi-dimensional distribu-

tion. We shall use A3, 43, - - - to denote absolute constants.

Let < -+ <mr=n be a subsequence of 1, - - -, n defined by the
following:
an Suy S 7K sn < Swprr j=1,--, L
Then (S, - - -, Sa;) is a random point in j-dimensional space. Let its dis-
tribution function be
(18) Fi(uy, -+, ;) = Pr (Sp, < th, - -+, Sa; = u;).
Write also

F:-‘(x) = Pr (Sp; — Sa;j S %), Sn = 0.
We put
2 2 2

(19) Bi = sni = Saj_15



210 K. L. CHUNG [September
(20) M, = max »y,cr:z.
1SvSn
LeEMMA 1. We have
Fi(x) = &j(x) + R;(2),

where ®}(x) is the normal distribution function with mean O and variance B3,
and |R}(x)| SA:M.B;".

This is a restatement of the Berry-Esseen theorem.

LeMMA 2. Suppose that (6) holds and also that

(21) max o, = o(k ).
1Sv=n
Then we have
(22) IF,-(ul, ceeu) — ®i(uy, -, u,.)l < A2k1/24iM,.s:1,

where ®;(uy, - - -, u;) is the j-dimensional normal disiribution function with the
same moments of the first and second order as Fi(uy, - - -, 4;).

Proof. From (17), (19) and (21) it is easy to see that
(23) B~ k1%,
Hence by Lemma 1, we have
(24) | R}(x) | = 422" M.s,".

For j=1, Ri(x) = R¥*(x); hence (22) is true for j=1. Now we use induction
on j. Assume that

(25) | RiCwr, -+ -, u)) | < Aok "4’ M,s7".
We have, by the definition (18),

. © . *
Fip(thy, » -+, %jp1) = f Fi(uy, -« -, %51, min (4, %11 — %))dF j11(x)

=f {<I>;(u1, <oy %1, min (%, %1 — %))
(26) + Ry(w, - + -, wjoy, min (5, 4140 — 2) }8[@711(2) + Ria(#)]

= ®pa(wy, -+ -y %)) '|‘f Rid‘l’?n

+ f Rid®h1 + f ®,dR}1.
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Evidently we have

lfR,‘d@?-pl < sup Ile)
fR,-dR‘}‘+1 < 2 sup | R;|.

Finally, using integration by parts, we have

f ®i(ty, - -+ , Wiy, min (wj, %41 — 2))dRG1(%)
U1 Uj *
— 7w wiREG)

+ 7w w i - DR

YjH—Yj
- * *
= ®i(u1, - - -, 4)Ri1(wi1 — ;) — ®i(u, - - -, ) Ripa(uin1 — u5)

©0

7 Ra@aen, o wi w2,
5185

Hence the absolute value of the left-hand side is less than or equal to

sup | R?+1 I .
Substituting these estimates into (22), we obtain
| Fivs — @3] < 3(sup | Rj| + sup | Ral).
From (25) and (26), we have
| Fivs — @11 < 342k M,sa (4" + 1)
i+1_1/2

< A4 MLt

Thus the induction is complete.
Now we put, for non-negative u;'s,

(27) FO(“lr ) “k) = Pr (l Sful S Sathy, v -, lSnglé sn“k),

s: e Uk
®o(u y U = f « e f .
0( 1 k) (21!')"/2.31 .. By o —u

2
1 X s,
(- 13

2 j=1 B%

(28) .
(x,- - x,-_1)2>dx1 .« A%k

LEMMA 3. Under the same assumptions as in Lemma 2, we have
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(29) | Fo — @0 < 45(10) M., .
Proof. Taking j=Fk in (22), we have

(30) | Fr — @] < 426" "4 M50 < 455 Moy
It is well known that we have
Fo(ul, ctty, '“k) = Fk(Snu,l, ctcy snuk)
— Fu(— Suths, Sutha, + + =, Saths) — - - -
— Fi(saths, * + + , Sathe—1, — Saths)
+ Fi(— Sath1, — Saths, Saths, =+ * , Sathe) + * - -
+ (= 1) F(— saths, » - -, — Sats);

and a similar relation holds between ®; and &,. Since there are 2* terms on the
right-hand side, (29) follows immediately from (30). It is not hard to obtain
the explicit form of ®o(uy, - « -, ux) in (28) by considering the covariance
matrix. . . ‘

3. The distribution of the maximum partial sum. Let ¢ be a positive con-
stant; g, a monotone function of %; e,=0(1).

LeMMA 4. Suppose that (6) and (21) are satisfied, and also that we have

2 2 —3/2 0

31 €ngn = 0(k  s,),
6 _2/3
(32) an = o((engass ).

Then we have
33) Pr (S: < GgnSn) = Pr(max | S,.,.| < (c— e,.)g‘,.s,.) — R,
1555k

where
(34) Ro = Ak egn éXP (— 47 engnk) + (engasn) ).
Proof. Write
P, = Pr (Sn < cgusa),

W, = Pr (Sr—1 < cgusny | Se| 2 cgasa).

Then we have

n

(35) S W, = Pr(Sh=cgass) =1— P, < 1.

re=l

Suppose that #; <y =n;.;. We have
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36) - W,= Pr (S:‘_l < CZuSny IS,I = CgnSn) Pr (| Sajs — S,I = eng,s")

+ Pl’ (S,:—l < ansm I Srl g /Egnsm I Sﬂj.(-] - Srl < Engnsn)-

Let A >0 be an integer to be determined later. If #;,,—7<A4, we have By
the Tchebychef inequality,

) 2 2 —2
(37) Pr (l Snj“ - Srl = éngnsn) é (sn,'.u - snj+1—A+1)(e"gﬂs”)
If n;.u—r=B>A, we have by the Berry-Esseen theorem,

2 1/2 ©
(38) Pr (] Sn,'+1 - Srl g engnsn) = (_) f e—uzl2du + O(p)
. . : . \7T » .

where

2 2 —1/2
v = e,.g,.s,.(s,.’.“ - suj+1—A+1)

’ niH 2 —1/2
p=M. 2 @) .
N\ y=n; j+1—A+1 R

2 ' 2
Hence from (38), since A <BZ < <nja—n;j, sﬁ, i Sa A1 S Saj s —Sa; =B,

Pr (I Sn,'.n - Srl % eﬂgﬂsﬂ)

’and

222

(39), ;o | - < Aa( B exp( . engn.s‘n) 4 Af-n )
‘ - €ngnSn 231+1 (Snj41 — Snjr—a41)/?
" We choose 4 such that s
) M, ‘ sz,-“ - s:,-+,_,4+1
'(5:5+1 - sﬂj;n—‘A'+l)l! 2 ef.gf;si .

that is,

2 2 3/ 222
(snj+l - sn,~+1—A+l) ~ engnSnMn-
Since 7;;.1—A+1=n; this is possible if, for example,

—3/2 3

e:gnsn n = 0(B1+1) = O(k )

by (23), ard alsc if

2 222 3
= 0((engnsnMs) ).

These are implied by the condltxons (31) and (32), on account of (6). Hence
we obtain from (37) and (39)
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22 2
Bin €ngnSn 0 —
Pr(| Snjn — Se| Z engasn) As( * exp( )+ (€ngnSn) m)

- 2
€ngnSn 2B i+1

Since B,:s; 2~k~1 by (23), we obtain

2 2
ngnk =
exp (— &8 )+ (e"gﬂs,o.) m).

Pr (I Sn,'+1 - Srl = éngnsn) = A(( 4

klnengn

If we denote the maximum of the left-hand side of this inequality for all r by
R, (36) becomes

(40) We. = R,+ Pr (S,:l < CgnSny l S,I = CnSn, | Snjp1 — S,I < €ngnSn)-
From (35) and (40), we obtain
Pr (S: = ansn)

k=1 njn

SR+ Y X Pr(Sti< cgsm |Se| = cguse, | Snjse = Sr| < €ngnsn)

=0 r—n,--l—l
< R, + Pr(max IS,.,I = (c— e,.)g,.s,.).
1S5t

This is equivalent to (33).
If in the function Fo(%y, - -+, ux) of (27) all the arguments are equal to
% we shall use the shorter notation Fox(%); similarly for ®g;.

LEMMA 5. Suppose that the condition (6) is satisfied, and also for a ©>0
we have

[]
81g10-© lgs s, n
41) T B g e:g:=o(_f__~).
(/] Ig s (1g s,)%/2
T hen if we choose
01g sq
42 ~
(42) . 21g10
‘awe have
(43) B0((c — €n)gn) — La < Pr (Sn < cgasa) < or(cga) + La
where
(44) ' ' L, =0((gss)®) .

Proof. From (6) it follows that
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-2 1—0,
0n £ Ynon = 0(s, )-

Hence with the % in (42) condition (21) is satisfied. Further condition (32) in
Lemma 4 is satisfied with €g2 satisfying (41). Condition (31) is clearly satis-
fied with (41) and the choice of k in (42). Hence both Lemma 3 and Lemma
4 are applicable. Taking all the #’s in (29) to be (¢ —€,)ga and recalling (27)
we obtain

Pr (S: < cgnusn) Z Foir((c — €n)gn) — R

(45) k-1

= Por((c — €n)gn) — 43(10) s, M, — R,.
On the other hand we have
(46) Pr (Sk < cgusn) < For(cgn) < ®or(cga) + A5(10) sy M.

We find from (42) and (46)

10" =0, (10) s M. = 02",

—-1/2 -1 -1

e exp (— 4 egak) = 0((g s0) ),

—0/2

(engnsn)— =0(sa ).

Hence if we take

Lo = Ru + 45(10) "5, M = O((lg 5) ")
(45) and (46) imply (43).
LEMMA 6. Suppose that for each v,

x { +1 with probability 1/2,

47 . -
—1 with probability 1/2.
Then if go=0(n'?), we have

-1 —1/2

(48) Pr (Sh < cgan' ) = T(cgn) + Olgn
where T(x) is the distribution function defined by
(- 1)* ( 2i + 1)’1’)

8x2

) 406~

(49) T()——Z >0

T im0 21«+1

Proof. Write, for integral @ and b,
P@)=Pr(Sn=0,—b<S,<bfor0<v < n).
By a formula due to Bachelier [1, pp. 252-253],
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2°P(a) = Comsarizt 25 (=1)Crimrarso—iv

154= (n40)/2b

+ E ("' 1) ‘Cn. (n—a)/2—ib

1S4S (n—a) /20

if #n and a have the same parity, otherwise P(a) =0. Without loss of generality
we may assume 7 to be even, b odd. Then

Z Cn,(n+a)/2—ib = Z Cn.nlz-lri—t'b-
—b<a<b,a=0(mod 2) (—b+1)/2SiS (b-1)/2
Write
1
Pi=P_;= > Crnjoti—id —
‘ : (=b+1)/25 1S (b-1)/2 2"
= Z Com;
n/241/2+ (a2 )2yt S mSn/2—1/2+ (nV2/2) 804
where

fu=— (2i+ Dbn712, o= — (26 — 1bn~t/2
Finally we write

(50) P= Y P

—b<a<d

From a formula of Uspensky [16, p: 129], noticing that the limits of the
range of m are integers, we deduce easily that

1
Cn,m -
n/24+1/2+ (2 /2) 1S mSn/e—1/2+ (aV2/2) 8, 2»

1\1/2 pie . 1
Y[ ero(2),
2 vy n
Hence e

" 2\V2 (1 -
(51) " P_i+ P; = (—) f e v % dy + O(-——)
AT/ $18 .\ B

Since —b<a<b,

— > (—1)C, atay/2—in + > (—=1)Co, (n—ay/2-ib

2™ | 1555 () 120 1505 (n—a)/2b

-2 (—=1)*[Ca, ntay72—i5 + Ch,(nmays2—i0]

1SiSn/2b

1
<.
2n

Hence
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2 P@) = T (~D(P:+ P_i)’
—b<a<b,a=0(mo i=n/2b
52) b<a<b,a=0(mod 2) 15iZn/2
1 b
= X —=—
—b<a<b,a=0(mod 2) 2" 2n

Therefore from (50) to (52),

1\V2 oo, 1
P=(—) f e /2du+0<—)
27 $10 n
1T\Y2 pis 1 b
+ 2, CofG) [ o ()} +o(3)
1Si=n/2b 2r t1s n 2"
1\2 pin 2\12 o
-() [T T (D) [ e
2 t10 1SiSn/2b m tii

+o(=)+o(5)+o(3)

Since the terms are alternating in sign and decreasing in absolute value, we

(53)

have
1/2 3o .
> (- 1)*( ) f e 2 du
>n/2b $14
(54) 2\1/2 p (ntb)n—i2 .
< (——) f e 11du = O(e"1%),
w™/ (n—byn—1/2 - ' .
if b=o(n).

~ Hence if b=0(n), we obtain from (53) and (54)',

C/1\ME piw 12 ot 1\
P= (—) f e I2du + Z (—1)¢ ( ) f ey + o(—)
2T t10 =1 s b

14

1\1/2 (2i+1)bn—12 1
= <— > (—1)‘f eIy +O(T).. :

2 i (2i—1) bn—1/2

(55)

We shall now construct a function k(x) with period 2« as follows:
1 if 0<x<a/2,
W(z) = { i 2 <a
-1 if ¢/2<x<a;
h(x) = K(—2x); > h(x) = b(z + 2a).
It is easy to find that

4 = 1)¢ 2141
h()_—;z_,:,2(1+)1 o(za 1rx>.
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Taking o to be 2bn='2 in the above, we have

1 1/2 o (24+1)bn—1/2 1 1/2 )
(“‘) > (=) ey = (—) f h(x)e="12dx

V7. A —. (2i—1) bn=12 27

4 = (—=1)i /1\V2 po 2% 4+ 1)rnl/2

(56) —_— E (. ) (_) f 6—22/2 cos (.(_E_-'_-_)L x) dx
T im0 21+ 1 \27 o 2b
4 =2 (=1 ( (2 + 1)21r’n>

=— . eXp\ — ——,,

T im0 204+ 1 8h2

since

1\1/2 p=
- —z2/2 — —t%2

(2) f e~* 12 cos txdx = e A
L —

Therefore from (55) and (56) we obtain
(57) P = T(bn™2) 4+ O(b7Y).

Since by assumption g,=o0(n!'?), cg.n'/?*=o0(n); taking b successively to be
the nearest odd integers to cg.n'? in (54) and observing that T(bn—Y/%)
—T(cga) =0(n~'%) we obtain (48).

.LEMMA 7. Returning to the general case, we have, if (6) and (41) are satis-
fied,
(58)  T((c — e)g) — Ha < Pr (Sy < cgasa) < T((c + €)ga) + Ha;
where T(x) is defined in (49) and
(59) H, = 0((g 5" + g 50 )-

Proof. For the special case (47), we have according to the general notation
(4) and (§),

om =1, Ym =1, sf,.=m, M, =1
Condition (6) is satisfied with #=1. Hence by Lemma §, if

81g10-O lg, m'/? 2,2 ( ml/2 )
mEm = 0
6 1g m'/? 8 (1gm)3/2

IIA

we have from (43),
60)  ®u((c — em)gm) — Lm S Pr (Sm < cgam?’?) S @ua(cgm) + L,
where, by (42), k is given by

0lgm

41g 10
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and where ®;; is obtained from ®ox in (28) after we replace sZ by m and B; by
B/ defined according to (17) and (19) by

m; = ]k"lﬁt < m; + 1, .B,{2 =m; — m;-,
and where
L,, = 0((1g m)-®).
On the other hand, by Lemma 6, we have for the special case in question
(61) Pr (Sn < cgum' ) = T(cgm) + Ogm m ) + O(m™ ™).

Substituting from (58) into (60) we obtain

1/2 —1/2,

(62) ®1x(cgm) — Lm < T(cgm) + Olgm m 4+ m ") S ®uulcgm) + L.

From (62) we deduce

(63)  @1((c — em)gm) = T((c — em)gm) + OCgm m "4+ m ") + O(Lw);
(64) B11(cem) < T((c + em)gh) + O(gm m "+ O(Ln).

Now putting
2 ’ ’
m=[sa], emn=¢y gn=gn
we obtain from (63) and (64) the following: if
0

81g10-0 lgs s, 2 2 ( Sn )
S — = € fn = 0
0 Ig sa (g s,)3/?

then we have
T((c — 5»)8'") — K, = ®u((c — en)gn) = q>lk(cgn)

(65) |
S T((c + en)gn) + Ko,

where

01g s,
(42 bis) ~_En

21g 10
(66) Ka=0((g 52) " + g5 ).

Writing Nj=s.B;, N} = [s,’;]”’B,’1 we have from (28)

Bo(u1, - -+, uk)

1 2
= (21‘_)13/2 ‘[:'ul f-ukexp (_ 7 7-21 X (x, —»x,-+1) )dxl RS dxk.
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It is easy to-verify that

0d, 3
Ml = 2
Hence
(67) l%—®A<—E—h:fL
. 2 =1 )\

Since a,=0(s"?), Bf=8n —14+0(s37%),

)\2—Si—k(1+0(k

T B§ h Sn )>.

The same holds for )\’ 2, Thus I)\'—)\ | =0(k?5;%); and by (42 bis) and (67),
(68) | @1 — ®1| = O(sn )

Therefore from (6‘5) we obtain

T((c — en)gn) — Jn = Por((c — €n)gn) = Por(cgn)
. S T((c+ €n)gn) + Tny

where % is given by (42 bis) and from (66) and (68) ‘we have
(70) T = O(R) + 0(s") = 0((Ig s)™° + g 50 ).
Using (69) in (43), Lemma 5, we obtain

(69)

T((c — €n)gn) — Hn S Pr (S < cgasn) < T((c + €n)gn) + Ha,

where H,=0(J,)+0(L,). Hence by (44) and (70) we have established (58)

and (59).
Proof of Theorem 1. Taking g.=1 in Lemma 5, we get

(1) T(c — &) — Hy < Pr(Sn < ¢s2) < T(c + &) + Ha,

where
H, = 0((Ig sa)7®).

Now we have, by the mean-value theorem,
— (27 4 1)%x? — (27 + 1)%x?
exP( 8(c + &) ) T ( 8c? )
2i + 1)2x2 (27 4 1)2#2
= Taa eXP( ——) €n
c 8(c + €,)?
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Hence

T(6+e,,)—T(C)<—Z

2 1 21 1)242
@it U o <_ (_‘f_)L) — 0(e).
T =0 4 3

8(c + €n)?
Thus (71) becomes
(72) Pr (Sh < ¢ss) = T(c) + O(en) + O((Ig 54)7®).
Choosing, for example, ®=1 and

s 8 IgAIO Igs s,

€, =

0 Ig sn

which is permissible by (41), we obtain (7) from (72).
Proof of Theorem 2. We have

4 ( 72> 4 ( 91r2)<T()<4 ( x?
—exp| ——)— —ex =T(x) = — - —).
T P 82 31r P 8x2/) T exp 8x2)

Since €, | 0, we have if ¢, <471,
_2>

4
T((1 + ) S — exp (—

4
(13) S —exp (‘ s 4T 26"))
™
_ 4 ( ) ( 25n
: = &P 4gn)
4 4 . 972
T((1 = en)gn) = P ( ) T ( Sgﬁ)
4 4 97r?

(14 z— 3 -

(74) 2~ exp( > 3,re""< sgz>
St ()2
= —ex ex T3 - ’

- P P 28 3r exp 8gf.>

Choosing

: 81g10-0 Ig; s,

€y =

4 0  g.lgsa
then (41) is satisfied, and from (8),
e 81g10-0 Igs,
g 0 galgsa

= o(1).
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Hence we have

2
exp (’;g) = 14 o(1),
2
exp (— 1;;;) =1+ o(1).

Since g, | 0, we have

or(-23) (- )

Thus from (73) and (74), we obtain

2

8¢n

4
2 (4 o) exp (— )§ T((1 — e)gn) S T((L + e)g)

=2 (0 o) exp (- ;'g)

n

Therefore (58) becomes

4 2
Pr (S < gass) = — (1 + o(1)) exp (- T 2) + 0((Ig sa)~®).
T 8g

n

Since we may choose © arbitrarily large, (9) follows on account of (8).

4. Some strong limit theorems. Since we shall deal with indices 7, », k
and so on, which ultimately tend to infinity, we shall often omit mention of
this proviso. Thus, sometimes our statements are true only when the appro-
priate index is sufficiently large.

The condition (6) is assumed in this section. From (6) it follows:

(75) a = 0(s2 ), 6> 0.
Lety, T », and

(76) ¥n = O((lg2 sa)'7%).

Taking g.=¥;" in Theorem 2, we have

(9 bis) A < Pr(st <8 rsabn) < A"
We shall construct a subsequence {nk}, k=1, 2, - - ., as follows. Take

a>0. Put n,=1. Suppose that #; is defined already, then since s, T, there is
a unique 741 such that

—2
Snp41—1 é snk(l + a'/’nk) é Snp+1
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Hence (for k sufficiently large)

2 2 —2
Snp41—1 é Sny,(l + 30‘#1:‘,).
By virtue of (75) and (76), we have
2 2 2 -2 2 2 2 -2
Snr+1 é Snp + Sasnk\bnk + Ongi1 é Sni + 4as,,,‘+11/;,,k;
2 2 —2 —1
Snppr S Snp(1 — 4dayy,) .

Thus there exists b>a such that

(77) sm1 4 ¥np) = Smpir S (1 4 BYimy).

223

For simplicity we shall write &’ for n, si for sa,, ¥i for ¢,,, and so on.

LEMMA 8. Suppose that Yo T © and (76) holds. Let {n} 'be any sequence

satisfying (77). Then if

(78) . et < w
k
we have
(79) Pr(S¥ < 8 xsn i.0) = 0.

Proof. From (9 bis) we have

'
S
¢ ) < Apm 0w,

Pr (S:f <)<
81/2 (¢k2 —_— 3b)ll

Hence by (78)

14
hd S
3 Pr<s’,',‘, T ———"—) < w

< JRE—
= 812 (9 — 3b)72

By the lemma of Borel-Cantelli (see, for example [13, pp. 26-27]), we

conclude that
* T Sk .
Pr (Skr < .8—1/—2 W 1. 0.) =0,

’

that is,

Prsh 2 — o
(80) T K = EIE (‘01: - 3b)1/2
Now suppose that nr <7 =741, Then if

?
Sk

* T
v 2 i i — anyn

for all sufficiently large k) =1
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we have by (77)

! ’
T Sk+1 Sk

* s T
T8 (i — 3b)12 siy,

Shz Sk

T - —2 —
2 skl =30 A+ b

If % is sufficiently large, we have

’
T Sk+1 T S
' Ly T

g__

W v

812 4,
Thus (80) entails

T Sa
Pr (S: > s —¢— for all sufficiently large n) =1.

This is equivalent to (79).

[September

LeMMA 9. Suppose that Yn T © and (76) holds. Let {ni} be any sequence

satisfying (717). Then if

(81) PIPRCER
k
we have
(82) Pr(sf<— Zio)=1
81

Proof. By (77), given s;, , there is a unique » such that

’ ’ 1,
(83) Sk, = Sk, _Wr,_, < Sk’,,+1-

From (9 bis) we have, if c>1/8is any constant,

’
™ Sk

Pr <S:' < — —————-—) 2 Agem Wi+,

812 (Y + 8Oy

Hence by (81) we have

© Kk !
(8) Y (s L

v=1 k=k,

which

(85) V2 (kyysn) > ¢2(kv,(r)—;1) + 1

Then we have

K—7——F——
812 (Y& + 8C)1/2

Let {v(r)}, r=1, 2, - - -, denote the subsequence of v=f, 2, - - - for
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’

* T Sk ’e 20
e —~(VLLH8C) —2( L) —~¥2 (k") /2
Pr (S,c < 57 (g 1/2> < Aqe= Wk < Agy2(K)e 2

From (83),
’ ky+1—1 kyt1—1 1
3 Sk
izt 11 (1+-r)ze s o
Sk, k=k, 12 b=k, ¥
Hence
ky(n+1—1 4 ky(n)+1—1
* ™ Sk 4
S re(sh < g o) S Ao S
ke=k, ) 8u (the + 8C)1/ K=ty (1) Y2
A8 13 2,7 2,57
=< ——wky(r)g—w (kyr)) 12 < Aog"ﬁ (kyr) /4,
a

Thus by (85)

ky(r)+1—1 * T s;c .
L, —_—_—— S —¥°(ky(r)) 14 .
(86) E %‘,m Pr(s,, <gn (¢'§+80)m) =< A,;e W< oo

‘From (82) and (86) we conclude that if we delete the values of » equal
tov(r), r=1, 2, - - -, in (84) the remaining series is still divergent. Without
loss of generality we may then assume that, for some fixed »,,

) ky+1—1

(37) B (st < 5 Z__s___) - w,

2
v=1,p=wy (mod 2) k=k, ‘V + 8C)1I2

where the prime after the summation indicates the omission of the values »(r).
Denote by: '

E, the event

T S
S: <— =,
B Y,

E,_, the event
E
Sk = Cse, g

E,_,, the event

max |S,— Sk, | <— . ESus B

(e Sl S5 Gt sopn

If »s»(r), then from (83) and (77) we have, since ¥p <y¢;2 | +1, ¥
<2vnd | for large v,

=3 1/2 ,—3

(88) sty < Viysh(1+ b0, S 53,2 v 1+ W) < 25k vi,
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Then if we have the conjunction E)_,E, .., we have by (88)

Su 2Cs,
Wi + SC)”’+ v >

*
M

T M C , T
SEn Gt sopn T S

T Su 1 2C T Su
<————F+t—)<——"
8 y\(1 + sCur | wi) sy,
Therefore if »s<y(r), the conjunction E)E,,, implies E,. Writing
Erap—1 , Frai—1
Fr = Z Em Fv = Z Ev—l.m
n=k,, u=k;,

we have, if v>v(r), E,,F, implies F,, hence

> E,_\F, implies Y 'F,

r=y1 Yyl
(89) Pr( > E,’_1F£> < Pr ( > F.,).
puvy p=vy
The events F), F),,, F),4, + - - are independent and F; for j2v is inde-

pendent of E!_,. By the Kolmogoroff inequality [15] we have
(90) Pr(E.) 21— 1/C

We obtain, by an obvious argument and (90), for all V12 Vo,

Pr( > EI.IFﬁ) Pr ( > (ErsFy — EsiFy Y ELIF;)

Vamy) p==p] J=v+1
2 Pr <Z’EJ_I<F£ —F, Z’F,’-))
y=v1 j=r+1

(91)

> Pr (E,_y) Pr (Fl —F, Z’F})

y=vy] J=v+1

1 oA
2(1-5) (Zm)

Hence by (89) and (91) we have

) 1 0 ,
Pr( Z’F,) = (1 - —) Pr ( > 'F,
y=y] 02 Lo
2(1——1—) Pr( f: F')
- C2 yep],#Z= yg (mod 2) ’

Since the events F,, F, s, F:;H, - -+ are independent, by the lemma of

(92)
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Borel-Cantelli we know that

Pr( > Fi) =1
ye=y1,7==yg (mod 2)

if and only if

0

(93) > Pr(F) = =.

ye=1,y=rg (mod 2)

If we can prove (93), then from this remark and (91) we shall have for all
v12v,, hence in fact for all »,,

co’ 1
Pr(z F,)gl—-&,

r=v1

a fortiori, for all n,,

(LE)zi-g
Since we may choose C arbitrarily large while the left-hand side does not de-
pend on C we shall have proved for all #;, Pr( ) m.,, Ea) =1, which is equiva-
lent to (82).

Hence to prove (82) it is sufficient to prove (93). By definition this is
equivalent to

[ . k::+1—1
(94) > Pr( ) E,_l,,.>= ®.

r=1,r= ¥y (mod 2) p=ky

Comparing (94) and (87) we see that in order to prove (94) it is sufficient
to prove that for »>»(r), there exists a constant A4,0>0 such that for all
sufficiently large », the following shall hold:

’

k;.H—l ky+1—-1 « T Sk |
> ’ -_— e
(95) Pr( ”_Ek; Ey_l.,.) = A1 k-zk' Pr (Sk < 812 (2 + 8C)”2>.

We have for any integer N>0,

kyi—1 kp—1
Pr Z Er—-l.u) ; Pl'( E Er—-l,k’)

u=k, k=k,

(96)
R kyi1
=— > Pr(E..-mu —Ew 2, Ev—l,i’)-

k=k, =kt N

Now we see easily that E, i E,_,; implies Fj ; where Ej ; denotes the
event
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Sn Sn;
max |S;— S,.,,l ( * d )
81/2 ('I,z + 8C 1/2 ('l,%’_l_ 8C 1/2

np<iSnj
Since E,_1,x» and E;,; are independent, we have
Pr (Ev1,0Ey_1,7) < Pr (E,—1x) Pr (E})).

If we can prove that, for a suitable N,

kyty , 1
(¢ > Pr(Ei;) <—,
: =kt N 2
then from (96)
k:+l 1 ky+1 kvt
Pr <Z Er—l.u) s — Z Pr (E’-‘lvk' - Z E'-l""E'—l'i’>
ik, N ik, i=k+N
1 ky+1 ky+1 B
(98) z— X Pr (Ev—l,k')<1 -2 Pr (Ek,i))
N ik, =kt N
1 kb .
=2 — Y Pr(E_1iw). oo
N ik, .
By (9 bis) (%) we have '
, o _ 2 2 (172
Pr (E,_l k’) < Pr ( max lS — S I < 8 Up ( = Sk, ) )
! - kv—1< <t - (‘pk' + 80)112

Ag * sk’
=2 pr(sh <8 ),
A4 (7% +8C' 172

7
Thus from (98). and the last inequality we shall have proved (95) Wlth
A1o=A4¢/2NA; Hence it is sufficient to prove (97) A
Now we have, since ¥;* 2y;% 2y, —12¢;2—1, o

sk < s;
@ tsoM T W -1+ 80)”2’ '
(99) Pr (Ei.;) < Pr( max |S. - S, | < — (s, sf)ll?,
nSisSn; * 8”2
where
106) 28;
( §i = (s — ';2)1/2(@'2 + 8C — 1)1

(%) See footnote 3.
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It is obvious that g; | 0; in order to apply Theorem 2 we have to verify that
2,1/2 1/2

7 = s)""wi + 8c — 1)

Si

12 12 ’

Si — Sk 1/2 S
12 2 é Au -’

lgz (5% — st) Vi

by (76). Therefore we have from (99) and (9), Theorem 2,

2. 1/2

< Au(lg (57 — )

which is evident since

(101) Pr (Ei;) < Aue — g7 -
We have for sufficiently large &, from (77),
Sk a Sk a \°F
(102) — Sl - —,§<1———ﬁ) X
Ske1 2y i 2;

If hx <6 where 6 >0 is sufficiently small, then (1 —x)*<1—8'hx where 6'>0
is another constant. Hence if j—k <8y we have from (102)

’ !, : ’”2

s da(f— k s i — k
PRI Al N G
5; 7] sj ]

where ¢’ >0. Then from (100)
8 = 2(a'(j — B2
Hence by (101) we have
(103) Pr (Ei,;) < Awsexp (— 47'2(j — B)).
If hx >34, then (1—x)*<§’’ <1, hence from (102), if j—k>8y;?,

’

14
S S
- <bh <1, 1—L=1-—2d;
S i .
2. —1/2 ,—1
giS2(1—8) ¥ ;
(104) Pr (Ei;) < Aus exp (— 47 (1 — so)}).

From (103) and (104),

kuty ' [ o —ati/t 1- 5: /2
(105) E Pr (Ek,j) =< A1s( e + (kv+1 - ky) exp (" ll’k )) .
=N

kN 4

We have by (83),

s s a s — b
'/’kt% k'f‘g(l-l— 3 )...(1+¢?2>;1+_f‘_(_'il___l,

’2
¥k, -1 v ¥k,
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Hence we have

5
‘kv+1 -k = Au\b;.ﬂ-

Since »#(r), we have ¥4/3, <2y;’. Hence

k1 — kb < 641401,

(Bry1r — k) exp <—

[September

2
)
: ¢1f> S Aublie™ "= o(1).

Thus by choosing N sufficiently large we obtain from (105) the desired (97), if
v is sufficiently large. The proof of Lemma 9 is thus complete.

LemMa 10. If {ni}, k=1, 2, - - -, is defined
D v
k
and
02 2
> e

converge and diverge together.
Proof. We have

Since x = —lg (1—x) S2x if 0<x<1, we obtain

by (77), then the series

2 2 2
On On
=1 (1 - ——) lg—
Sn Sn S,._
2 2
Oan Sk+1 b 2b
- Slg—-=21 (1 + ) ’
np<nSng4 sn & sl’cz & ¢ '//;cz
z
20,
szz—lg(l——> lgszly
a': 5;::-1 a a
2 - ?élg 7 =2lg 1+;;“2' %;;—,"
np<n2ng41 On k
Since %e“':l , we have
a b —y2
— ‘plz "Wk+1 — = Z - '//”e S ‘pk ’2 é 2be k

3 n<nSngg S8

Lemma 10 follows from this inequality.

k
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Proof of Theorem 3. The ¢, given in (11) is monotone increasing and
@2 =0((Igz s,)"?). Hence Lemma 8 and Lemma 9 are applicable. Hence

0

Pr (Sh < 8—1/21rs,,¢1>:1 i.o) = {1

ESNE

By Lemma 10, the last series converges and diverges with (13), which in this
case is

according as

(1 + 0(1))an Ig2 5
w su1g sa(1g2 $n)? 1gs Sa -+ + 185 Sa(lgpe1 5a)1H

Hence a well known theorem of Abel-Dini asserts that this is convergent if
and only if § is positive. Thus Theorem 3 is proved.
Proof of Theorem 4. Suppose that ¢, ] ©. Define

(106) Ya = min (¢n, 2 1g2 5a).

If (13) is convergent, then
2

Zzwf"” S+ Y <

n Vn=0n W3.=2 Ig; 8,
since again by the Abel-Dini theorem we have
wa;zzlszc,. 2 gy S(lg sn)?
By the definition (106) ¥, satisfies (76), hence by Lemma 8,
Pr (¥ < 8 mspn i 0) = 0.

2¢r,, 1gs s

Since Y, S¢a, a fortiori (12) is equal to zero.
If (13) is divergent, then since \b,.ﬁqu we have

z—”*-w

Since ¥, satisfies (76),by Lemma 9, Pr (S} <8~?rs,,~1i. 0.) =1. By Theorem
3, we have

_ Sn
prs* <8 -——-—i.o.)=0.
(38 < 8™ G

Hence there exists a subsequence 7; such that ¥4, <2 Igs s, and



232 K. L. CHUNG [September

Pr (S, < 8 wsapmii. 0.) =

By the definition (106), we have Y., =¢.,. Hence (12) is equal to one. Theorem
4 is proved.

Proof of Theorem 5. By Theorem 4 it is sufficient to prove that the series

) o
2, 2 —¢ 8

(107) > s?"’(") >
and the integral (15) converge and diverge together.

We have, since t-1¢%(t)e=*"® | 0,

f 2 7w Car = Z T e

n=k+1 a,,_l
- 2 2
Sn T Sn—1 2,2 —¢*(s2)

; Z ——-2—¢(S,,)e

n=k+1 Sn

Hence if (107) diverges, (15) diverges too.

On the other hand, we have
2

(108) S e S YO

n=N+1 Sn-1

From (75) we have s2=s2_ 1402 <s2_,+0(s2"%). Hence if # is large enough,
we have

(109) Sn S 2smis.
Let nx, k=1, 2, - - -, denote the subsequence of n=1, 2, - - - for which
(110) ¢ (sm) > & (smpm) + 1.
Evidently we have by (109) and (110),
2 2
On nk  —¢2 (82 —
(111) E LI (Sn,,-l) —# 3 ) <43 02,, Rt Rl <

k snk—l k Sny

Hence if (15) diverges, we have, by (108) and (111),
2

(112) > e = .

n=1,nxng sn—l

By (110) if nsni, we have ¢2(s?) <¢*(s2_,)+1. From this and (112) we

obtain
2 -1 2

On 2,2 —¢? (t) (4 On - (",,_.)
E-¢(n) 2—2—2 e ¢ (Sr)e V= oo,
n—1

Theorem 5 is proved.
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