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1. Introduction. In this paper we deal with a sequence of independent

random variables Xn, n — i, 2, • • • . We write

(1) Sn

(2) S*n

Two types of fundamental limit theorems are known about Sn, the one cluster-

ing around the central limit theorem and the other the law of the iterated

logarithm.

In 1945 Feller [12 ](2) called attention to the study of the behavior of

S*. Since then an important result has been obtained by Erdös and Kac [8],

namely, the limiting distribution of S* for sufficiently general sequences of

Xn. This corresponds to the central limit theorem for Sn. Now under certain

conditions when the distribution of 5„ tends to the normal distribution, an

estimate of the difference of the two distributions has been given by Liapou-

noff [17], Cramer [S], Berry [3] and Essen [9]. Cramer [6] and Feller [10]

have also obtained more precise estimates for this difference for certain

domains of variation of Sn, which proved essential to the general form of the

law of the iterated logarithm. It is therefore of interest to make the same

kind of investigations regarding S*- The problem is more difficult, since we

have as yet no standard tools as in the case of Sn. We shall prove in this direc-

tion, as consequences of a more general but less handy inequality (Lemma 7),

two theorems corresponding to the two types of estimation mentioned above.

In order to state them we introduce the following notations. Let E(X) de-

note the mathematical expectation of X. We shall assume that for each X, the

first moment is zero, and the third absolute moment is finite. Thus we can

write

(3) E(XV) = 0;

n
2 2 2 2

(4) E{X,) = <r„; sn = 22 **',
v-1

Presented to the Society, September 4, 1947; received by the editors May 27, 1947.

(*) The present paper is the revised form of a Dissertation for the degree of Doctor of

Philosophy accepted by Princeton University, 1947.

(2) Numbers in brackets refer to the references cited at the end of the paper.

=  max   I Sv |.
l<i><n
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(5) £(|X,|3)=T,;        r„=¿7,.
r—1

Naturally we assume that sn—>». We shall further make the following

assumption :

—2 1— 6

(6) max  7„<7V    = 0(sn   )
lí»ín

where 6 is a fixed but arbitrarily small positive number. Then we can prove

the following two theorems.

Theorem 1. If c is a positive constant, then we have

4   -    (- 1)<        (     (2* + l)2:r2N

(7)

Pr CS. < csn) - - g — exp ̂  —^—J

Theorem 2. If g„ J, 0 and

(g) g;1 = o((ig2 sn)1/2)

iÄew we have(3)

(9) Pr (5! < g„5„) = (1 + o(l)) exp
V     8g2J'

Theorem 2 is one of a number of possible statements ; we give prominence

to it here because it furnishes the means of proving the next group of theorems

which we now consider.

We might attempt to extend the law of the iterated logarithm to 5„*. This

turns out to be illusory since the same law holds for S* as for Sn- More pre-

cisely, if <f>n 1 oo, we have always ("i. o." standing for "infinitely often")

Pr (5„ > <t>nSn i. o.) = Pr (5„ > <t>nsn i. o.).

This is obvious since both S* and </>„s„ are monotone increasing functions of

n. Hence in particular three of Feller's theorems [ll] read as follows:

I. // sup |Zn| =0(j„(lg2 5„)-3'2) and 4>l = 2 lg2 sn+3 lg3 5„ + 2 lg< sn

+ • • • +2 lgj,-i 5„+(2 + ô) lg„ sn then the probability

(10) Pr (S* > sn<t>n i. o.)

(') Added in proof. For the application of Theorem 2 in Lemma 9 it is important to notice

that the constant in the o(l) term in (9) depends only on the constants in the 0(1) terms in (6)

and (8), and the 8 in (6), but otherwise is independent of the random variables considered.
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is equal to zero or one according as 5 is positive or not.

II. If <j>n Î °° and

sup |-x„l-o(jjr),

then (10) is equal to zero or one according as the series

2

ts convergent or divergent.

III. //</>(/) Î °° and

iÄew Pr(5„*>5„0(5^) i. o.) is equal to zero or one according as the integral

r i
— <K0e-(1/2>* lt)dt
t

is convergent or divergent.

These results give very precise upper bounds for S*, with probability one.

The question naturally arises as to the precise lower bounds for S*- (We may

mention that the analogous problem for 5„ has been treated by Erdös and the

author [4] and is radically different.) In this connection Erdös has com-

municated to the author the following result: there exist two constants

C2 > c\ > 0 such that

/                             S* \
Pr ( Ci < lim inf-< c2 ) = 1.

V J»(lg, 5n)-i/2 /

His method, of an elementary nature, does not seem capable of a sharper re-

sult. Using Theorem 2 stated above we can easily prove that

Pr (lim inf-= S^'V ) = 1.
V iB(lg2 î»)"1'* /

This corresponds to Khintchine-Kolmogoroff's original form of the law of the

iterated logarithm ([14] and [16]). However, we can go much further and

prove the following theorems which are the exact counterparts of Feller's

theorems cited above.

Theorem 3. Under the assumptions (3) to (6), if



208 K. L. CHUNG [September

(11) (¡>n  =  lg2 S„+  2  lg3 S„ + lg4 Sn +   ■   ■   ■   +  lgp_i Sn +   (1  +  5)  Igp Sn,

then

(12) Pr (S*n < 8~1'\cj)~1Sn i. o.)

is equal to zero or one according as 8 is positive or not.

Theorem 4. Under the same assumptions, if 4>n î œ, then (12) is equal to zero

or one according as the series

2

(13) S   -l^nß
Sn

is convergent or divergent.

Theorem 3 is a particular case of Theorem 4.

Theorem 5. Under the same assumptions, if 4>(sl) î », then

(14) Pr (S* < 8~1/\<f\sl)sn i. o.)

is equal to zero or one according as the integral

(15) f    —iNfar+Mit

is convergent or divergent.

The similarity between these theorems and Feller's is indeed striking.

It should however be noted that the condition (6) is not the best possible,

although it is weaker than those considered by Cramer [5]. That condition

(6) can be trivially weakened will be apparent from the proof. But no com-

plete settlement of the question seems in sight.

We outline the methods of proof as follows. We approximate the distribu-

tion on S£ by that of

(16) max   | Snj \

where k is an integer to be determined later and 0<«i< • • • <«i = » is a

suitably chosen sequence such that s^.~j&_1s2l.

In §2 we study the approximate distribution of (16). It is found to ap-

proach that of a ¿-dimensional normal distribution with a remainder we

shall estimate. The treatment in Lemma 2(4), much to be preferred to the

C) In the special case of equal components Bergström's result [2] seems to imply a better

estimate than Lemma 2, replacing the factor 4* by a fixed power of k. The improvement how-

ever is annulled by Lemma 3. It becomes essential in the problem of max S„ without the ab-

solute value. We shall consider this elsewhere.
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author's original proof using characteristic functions, is due to G. A. Hunt.

In §3 we estimate the difference between the distribution of S* and that

of (16). This is done by a substantial improvement of the method of Erdös

and Kac (8), using sharper estimates resulting from the one-dimensional

Berry-Esseen estimate. To obtain the approximate distribution of S* it re-

mains to evaluate the ¿-dimensional normal distribution obtained in §2. The

problem appears to be one of multiple integrals but has not been worked out

directly. Instead we use a quantitative refinement of the "invariance prin-

ciple" of Erdös and Kac and study the simplest case of random walk. This

latter problem, being almost classical, has been treated by many authors with

different methods. However as we require not only the limiting distribution

but also a remainder no reference seems available in the literature. We shall

obtain the precise result by going back to a combinatorial formula due (ap-

parently) to Bachelier [l]. After this we combine the results in §§2 and 3 to

establish a theorem (Lemma 7) which includes Theorems 1 and 2 as par-

ticular cases.

In §4 we prove Theorems 3, 4 and 5. The proof of these theorems depends

essentially on Theorem 2, which plays the role here as the theorem of Cramér-

Feller does in the case of Feller's theorems cited above. Several arguments of

Feller's are also used and the author's indebtedness to his previous work is

considerable.

The author wishes to express his gratitude to Professor Cramer for his

warm encouragement and valuable counsel. To Dr. Erdös, whose first result

actually started the investigation, the author owes many heartfelt thanks for

his sustained interest. To Mr. Hunt, who is responsible not only for Lemma 2

but for many corrections on the original manuscript, the author's gratitude

is equally great.

2. An approximation theorem for a certain multi-dimensional distribu-

tion. We shall use A\, A2, ■ ■ ■ to denote absolute constants.

Let «i< ■ • • <nk = n be a subsequence of 1, • • • , n defined by the

following :

2 _i   2 2

(17) snj ^ jk   sn < snj+1, j = 1, • • • , k.

Then (5ni, • • ■ , Snj) is a random point in j-dimensional space. Let its dis-

tribution function be

(18) Fj(ui, •■•,«,) = Pr (Sni á #i, • •''•- , Sn¡ ^ u,).

Write also

P*(x) = Pr (Snj - Snj-r ^ x), Sno = 0.

We put

2 2 2

(19) Bj = snj - snj^\
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—2

(20) Mn =   max y,a, .
lS>Sn

Lemma 1. We have

F*{x) = $*(x) + R*(x),

where i>*(x) »5 the normal distribution function with mean 0 and variance B),

and \R*(x)\ ^AyMnBj\

This is a restatement of the Berry-Esseen theorem.

Lemma 2. Suppose that (6) holds and also that

2 _i

(21) max  <r„ = o(k   sn).

Then we have

(22) | Ff(«i, ••-,«,)— $,(«!, • • • , Uj) | ^ Aik    4 M„5„ ,

where $,-(wi, • • • , My) is the j-dimensional normal distribution function with the

same moments of the first and second order as Fj{u\, ■ ■ • , u¡).

Proof. From (17), (19) and (21) it is easy to see that

(23) B¡~ kr*'*sn.

Hence by Lemma 1, we have

(24) | R*(x) | g A»kV2Mns~\

Forj' = l, i?i(x) =i?i*(x); hence (22) is true for .7 = 1. Now we use induction

on j. Assume that

(25) | RjÇuu ■ • ■ , u¡) | ^ AJt^i'uj?.

We have, by the definition (18),

CK *
Fj+i(ui, ■ • • , Uj+i) =   I      Fj{ui, ■ ■ ■ , Uj-i, min {u¡, «í+1 — x))dFj+i(x)

J -to

f\  00

=   I      { *,-(«!, • • • , «i-i, min («j, m,+i — x))
J -0O

(26) + Rj(ui, ■ ■ ■ , Uj-i, min (»,, wí+1 — x))}d[$í+1(a;) + i?í+i(#)]

= $í+i(«i, • • • , Mí+i) +   /   i?,¿**+i

;aRj+i.
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Evidently we have

* II

g sup | Rj |,

211

I/*'
I/*'

d#i+i

j+i ^ 2 sup | i?j

Finally, using integration by parts, we have

/*
$,•(«1. • • • , m,_i, min (m,-, Uj+i — x))dRj+i(x)

-00

*,-(«!, • • • , Uj)dRj+i(x)
-00

/*

*,-(«!, • • • , «/, Uj+i — x)djRi+i(a;)

=   $,'(«!,   •  •   •   ,  Mj)Í2,+i(Mj+1 —  M,-)   —   *,-(«!,  •  •  •   ,  U,)Rj+l(Uj+1 —  u¡)

Äi+l(x)d$,-(Mi, • • •  , M,-_i, M,+i —  *).
"j+i-wy

Hence the absolute value of the left-hand side is less than or equal to

sup I Rj+i |.

Substituting these estimates into (22), we obtain

I Fj+1 - $i+i | ^ 3(sup | Rj\ + sup | Rj+11 ).

From (25) and (26), we have

\Fj+1 - $/+1| g 3¿i*WtÍf.¿V' + 1)

¿ A-A-     ¿    Af„s„ .

Thus the induction is complete.

Now we put, for non-negative m/s,

(27)     Fo(wi, • • • , uk) = Pr ( | Sni | ^ Mfe, • • • , | S»» | á #»**),

*o(«i, •••,«*)-- l        l
(2ir)kliBi ■ • ■ BkJ -U1 J _ut

(28)
/ 1    A    S» \

•exp I - — 2^ ~ï (xj - Xj-iYjdx! ■ • ■ dxk
\      2   i=i Bj /

Lemma 3. Under the same assumptions as in Lemma 2, we have
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(29) I F0 - $o | ^ Aa(l0)kMnsñ1.

Proof. Taking j = k in (22), we have

(30) |F* - **| á Azk^Mnsñ1 ^ A35kMnSn\

It is well known that we have

Fo(«i, • • • , uk) = Fk(snuu ■ ■ ■ , snuk)

— Fk(— snuu snui, ■ ■ • , snuk) — ■ • •

— Fk{snUi, • • •  , S„Mi_i,  — snuk)

+ Fjfc( —  *„«!,   —  J„M2,  Sn«3,  •   •   •   ,  SnMü)   +   ■   •   •

+ (— \)kFk(— s»«ii • • ■ , — snuk);

and a similar relation holds between $k and $0. Since there are 2^ terms on the

right-hand side, (29) follows immediately from (30). It is not hard to obtain

the explicit form of i>o(«i, • • • , «*) in (28) by considering the covariance

matrix.

3. The distribution of the maximum partial sum. Let c be a positive con-

stant; gn a monotone function of n; e„ = o{l).

Lemma 4. Suppose that (6) and (21) are satisfied, and also that we have

(31) €„g„   =   0{k Sn),

i-il\                                                                 2           II 2   2  ^V^(32) <r„ - o((eng„s„   )    ).

Then we have

(33) Pr (Sn < c,gnSn) ^ Pr ( max   | Snj \ < (c — e„)g„s„ ) — Rn

where

_1/2 _il   _1 _1 2   2 6      2/3

(34) ie„ ^ Ai(k      en gn   exp (- 4    e„g„£) + (engnSn)       ).

Proof. Write

Pn  =   Pr (5„   <  CgnSn),

Wr =  Pr (5r_i < CgnSn,   \Sr\^ cgnsn).

Then we have

(35) Y. Wr = Pr (S, ^ cg„s„) = 1 - P„ á 1.
r=l

Suppose that nj<y^n¡+\. We have
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* II I I

Wr =  Pr (5r_l < CgnSn,   \ Sr |  è cgnsn) Pr ( | Snj+l — Sr |  è «ng„S„)

(36)
* 11! I

+   Pr  (Sr-l   <   CgBSB,    I Sr I    ̂    Cg„S„,    I  Snj+l  —  Sr \    <  i„g„5„).

Let A >0 be an integer to be determined later. If n¡+i — r^A, we have by

the Tchebychef inequality,

il 2 2 —2

(37) Pr ( | Snj+1  — Sr I   è   ingnSn)   5Í   (sn.+1  —   íBj.+,_¿+i) («BgBSB)       •

If nj+\ — r = B>A, we have by the Berry-Esseen theorem,

(38) Pr ( | Sni+i - Sr I ̂  €»gBin) - (—\      f   «-'"d« + 0(p)

where

.   2 2 -1/2

W   "■   €BgBSB(SBj+l —  Snj+1-A+l)

and

-1/2

P   =   Mn.(    "f    4
Hence from (38), since A<BSnj+x — nj, slj+l-slj+l-A+iúslj+l — sBj=.Bj+i,

Pr ( | Snj+1 — Sr |   è   «ngnïn)
2    2   2

(39) ^ ¿,(--exp ( - —-) 4- -,-ï-— ).
VngnJn \ 2Bj+l/ (SBj+1   ~  SBj+1_A+l)1/2/

We choose A such that
2

™B Sij+l Sny+i—jl+1

Tl        3

that is,

fr2 —   ç -    ,W2 *Vç2
'V.°*tj+l ni+l—-4+1/ cn5n°n

2 2 3/2 2   2   2
(SB)+i  —  Snj+l-A+l)        -~ eng„S„Af„.

Since nj+i — A + l^nj this is possible if, for example,

by (23), and also if

engninM„ = o(5,+i)  = o(£       J„)

2 2   2   2 2/3

<Tn   =   0((«Bgn5nMB)       ).

These are implied by the conditions (31) and (32), on account of (6). Hence

we obtain from (37) and (39)
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2   2   2

Pr( I Snj+l  - S, |   £   tngnSn)   Ú  A6[ -— exp ( - ] +   (€BgBX„)_"      ).
\«ngBSB \ 2Bj+i/ /

Since B2j+\s~2~k~l by (23), we obtain

2   2

Pr ( | Snj+1 - S,| j! e„gBsn) ^ ylj —-exp ( - —-—) + (tngnSn)      J.
N^ CBgn \ ~C       / /

If we denote the maximum of the left-hand side of this inequality for all r by

Rn, (36) becomes

(40) Wr g Rn + Pr (5r!i < cgnsn, [ S,| 5¡ cgnjB, | SB.+I - S, | < eBgBsB).

From (35) and (40), we obtain

Pr (Sn ^  CgB5B)

Jr-1        n,+1

á -RB + 2     Z)    Pr (Sr-i < c£»s-»  I 5' I = cS"i«.  I 5",-+i — 5r | < i„gBSn)
j'-O    r=B,+ l

^ Rn + Pr ( max   | Snj \ ^ (c - e„)g„sn ).
ViáJát /

This is equivalent to (33).

If in the function Fo(wi, • • • , uk) of (27) all the arguments are equal to

m we shall use the shorter notation Fok(u); similarly for <ï>ofc.

Lemma 5. Suppose that the condition (6) is satisfied, and also for a 6>0

we have

81glO-0     lg2*n 2   2 / S» \

(41) "IT- vJZ = ** - %^>

TÄera ¿f we choose

,       6lgsn

(42) A ~-v    y 2 lg 10

we Äaoe

(43) $0*((C - iB)g„)  -In^Pr (5! < CgnSn)  ^   $0*(cgn) + ¿.

where

(44) ¿„ = 0((lg s„)-e)     .

Proof. From (6) it follows that
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-2 1-0

CB  Sï  fnO-n     ■ 0(SB     ).

Hence with the k in (42) condition (21) is satisfied. Further condition (32) in

Lemma 4 is satisfied with e„gn satisfying (41). Condition (31) is clearly satis-

fied with (41) and the choice of k in (42). Hence both Lemma 3 and Lemma

4 are applicable. Taking all the w's in (29) to be (c—en)gn and recalling (27)

we obtain

Pr  (Sn   <  CgnSn)   è F0k((c  ~  t„)g„)   —   Rn
(45) i _i

^   $0*((C  -  e„)gB)   -  4,(10)   Sn   Mn  -   Rn.

On the other hand we have

(46) Pr   (St  <   CgnSn)   á F0k(cgn)   á    $0k(cgn)   + A ,(10) kS~nlM n-

We find from (42) and (46)

(10)* = 0(sT),        (10)W„ = 0(s~n>n),

-1/2-1-1 -12   2 -6.
£      eB g„   exp (- 4   e„gB£) = 0((lg sn)    ),

l V2/3      ni ~e/\
(tngnSn) =  0(sn       ).

Hence if we take

Ln = Rn + 4,(10) VjliB = 0((lg sn)~e)

(45) and (46) imply (43).

Lemma 6. Suppose that for each v,

(+1    with probability 1/2,

(—1    with probability 1/2.

Then if gB = o(«1/2), we have

¡L. 1/2 —.1—1/2 _1/2

(48) Pr (Si < cgnn   ) = T(cgn) + 0(gn n     ) + 0(n   ')

where T(x) is the distribution function defined by

4   "    (-1)* /     (2t + 1)V\

■k ,_o 2% + 1        \ Sx2       /

Proof. Write, for integral a and 6,

P(a) = Pr (Sn = a, - ¿ < S, < b, for 0 < v g m).

By a formula due to Bachelier [l, pp. 252-253],
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2nP(a)   =  CBl(B+a)/2 + ¿_t (—^yCn,{n+a)lï-ib

lS«'á(»4a)/26

+ ¿-i (—l)lCB,(B_o)/2-»!>

lSig(n-o)/2!)

if n and a have the same parity, otherwise P(a) =0. Without loss of generality

we may assume n to be even, b odd. Then

¿—i cB,(B+0)/2_t¡, = 2—1 c„>n/2+j_¡6.
— b<a<6,as0(mod 2) (-&+l)/2g ji (6—1)/2

Write

Pi   =   P—i   = 2—1 (sn,n/2+]'—ib ~~

(-6+l)/2á)É(í>-l)/2 2"

y c   ■
B/2+l/2+(B1/2/2)riiSmSB/2-l/2+(nI/2/2)r2i

where

fa = - (2i+ 1)6»-»/»,        tu = - (2i - 1)6»-*/*.

Finally we write

(50) -P=    Z    Pia).
-b<a<b

From a formula of Uspensky [16, p. 129], noticing that the limits of the

range of m are integers, we deduce easily that

£ c   -
n/2+l/2+(n1/2/2)i-i^m^n/2-l/2+(n1/2/2)r2 2n

-^rJT'r**+0(T)-
Hence

(51) P_i + P¿ = (—)      f " e-"2'2¿« + 0 (—\

Since —b<a<b,

1

2"
iLr (       l)îCB,(B+a)/2-»6 + 2—1 (—l)*CB,(B-a)/2-»6

lS»'â(n+a)/26 lgjá(n-o)/26

2-(       (—l)*|CB,(n+a)/2—il + CB,(n—a)/2—i&J
lStS»/2¡>

1
<-

2"

Hence
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(52)

Z F(a)-     z    i-mPi + P-i)
— Ka<t>,a=0(mod 2) leiSn/2b

-6<a<6,as0(mod 2)  2" 2™

Therefore from (50) to (52),

+

(53)
/ l \1/2 rf2» / 2 \1/2 rf2i

= ( —)      I      e-"2'2¿«+     £    (-!)'( —)      I      e-»2'2¿w
\2ir/        J f10 lSiSn/26 \ 7T /        J fi;

+0(7)+0(t)+0(¿)-

Since the terms are alternating in sign and decreasing in absolute value, we

have

/ 2 \1/2 rhi I
X (-lW —)      I      e-"2/2¿«
>B/2b \ 7T /        •/ fu

g ( — )      I e-^'2du = 0(e-"i3),

if b = o(n).

Hence if b = o(n), we obtain from (53) and (54),

/ 1 \ 1/2 /.{jo oo / 2 \i/2   i.r« /l\

/  l \ 1/2       oo « (2i+l)6n-l/2 /  1 \

= (-) XK-D'I e-^>*du+()(-■).
\¿T/ ,=_„ J (2t-_l) ¡,„-1/2 \ 0 /

We shall now construct a function h(x) with period 2« as follows:

{    1    if    0 < x < a/2,
*(*) =  {

( — 1    if    a/2 < x < a;

Ä(x) = h(—x);        h(x) = h(x + 2a).

It is easy to find that

h(x)
4   -    (-\y /2£+l      \

= — 2_j —-cos I-wx I.
7T j=0 2i + 1 \     a /
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Taking a. to be 2bn~112 in the above, we have

/  l \l/2    to ç, (2i+l)lB-l/2 /  J v 1/2    p oo

( —)     E (-1)'' I e-^iHu = (— )      I    h(x)e-¿>Hx
\2x/    i—„o J (2i-i)i.B-iß \2x/     J_w

4 a (-1)' /i\1/2 r00    2       /(2* + I)*"«1'2   \
56 = — X---(— ) e-^2cos(' '- *]d*

r S 2*+ 1\27t/    J_m \ 26 /

4 ^   (-1)' /      (2t + l)V2w\

" T h 2» + 1 CXP \ 8Ô2        /

since

(¿y/:
g-xIi/2 COg lx¿x  =   g-¡ /2_

Therefore from (55) and (56) we obtain

(57) P = TOm-V*) + 0(6-!).

Since by assumption gn = o(n112), cgB«1/2 = o(w); taking 6 successively to be

the nearest odd integers to cgnn112 in (54) and observing that T(bn~112)

-T(cgn)=0(n~112) we obtain (48).

Lemma 7. Returning to the general case, we have, if (6) and (41) are satis-

fied,

(58) T((c - en)gn) - En = Pr (S*n < cgnSn) ^ T((c + e„)gB) + Hn;

where T(x) is defined in (49) and

(59) tfB = 0((lg sn)~* + g^sZ1).

Proof. For the special case (47), we have according to the general notation

(4) and (5),
2 2

Cm   =   1, 7m  =   1, Sm   =  m, Mm   =   1.

Condition (6) is satisfied with 0=1. Hence by Lemma 5, if

8 1gl0®lg2w1/2        .. -•        /   ™1/2

eigw1'2 \(igw)a

we have from (43),

(60) *lt((e - *L)gL) - Lm = Pr (SÍ < cg'mm^2) = *lk(pgL) + L„

where, by (42), k is given by

0 lg m
k ~->

4 1g 10
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and where <î>u is obtained from $0* in (28) after we replace sB by m and Bj by

B'j defined according to (17) and (19) by

,2
ntj ^ jk~xm < m,j + 1, Bj  = ntj — »t,-_i,

and where

Lm = 0((lg m)-e).

On the other hand, by Lemma 6, we have for the special case in question

(61) Pr (SÍ < cgmmn) = T(cg'm) + Oig.m'1") + 0(m~m).

Substituting from (58) into (60) we obtain

(62) $n(cgL) -Lm¿ T(cg'm) + 0{g^nTW + m'1') = $u(cg'm) + Lm.

From (62) we deduce

(63) »i»((« - ¿)f») = T((c - ('m)gL) + 0(g'~1m~1'2 + m"1'2) + 0(Lm) ;

(64) *i*tó á T((c + em)g'm) + 0(g'~1m'1'2 + m~in) + 0(Ln).

Now putting

*  =   [s»]t tm  =   in, gm  =   gn,

we obtain from (63) and (64) the following: if

81glO-0 lg25B
Sn 2   2 / S" \

e       igsn \(igsny

then we have

T((C -  tn)gn)   -   Kn  =   *1»((C  -  6B)gB)   =   *u(cf.)

^   7t(« +  «»)*„)  +  *„,

where

0 1g5B
(42 bis) k.

2 lg 10

(66) tfB = 0((lg Sn)~* + gB V).

Writing \j = snBf\ X/ = [s»]1'2-^'-1 we have from (28)

$o(«i, •••,«*)

Xi • • • Xjt

(2t) fc/i

t    /• "1 /• "» / 1       *        2 2\

I     ' - -   I      exP (-X M*/ — xi+i)  jdx! ■ ■ ■ dXk.
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d$o

d\j
<

2\j

Hence

(67)

Since <Tn = 0(slT9), B2J=s2nk-l + 0(sn-2e),

3   k    1

$o* — $i* I ̂  — 2~1 — I *i — ̂i I
2    j_l    Aj

l-¡h('+K*)>

(69)

The same holds for X/2. Thus |Xy-X/ | =0(¿2í"m) ; and by (42 bis) and (67),

(68) | $oi - $1*1 = 0(sn).

Therefore from (65) we obtain

T((C  -   tn)gn)   — Jn   ^   *0*((c  ~  «n)gB)   á   $0*(cgn)

.     g   r((í + ÉB)g„) + /„,

where & is given by (42 bis) and from (66) and (68) we have

(70) /„ = O(Rn) + 0(s~6) = 0((lg sn)~& + gñ'sñ).

Using (69) in (43), Lemma 5, we obtain

T((c - en)gn) - Hn = Pr (S* < cgnSn) =ä T((c + ÉB)g„) + Hn

where Hn = 0(Jn)+0(L„). Hence by (44) and (70) we have established (58)

and (59).
Proof of Theorem 1. Taking gB = l in Lemma 5, we get

(71)

where

T(c - e„) - Hn Ú Pr(5„ < csn) ^ T(c + e„) + Hn,

expl

Hn = 0((lg sn)-e).

Now we have, by the mean-value theorem,

/-(2t+ 1)V\ _ /-(2i+ 1)V2\

\   8(c+6B)2   /      6XP V 8c2        /

(2 i + 1)V2        /     (2i + 1)V2>
<-exp r

4c3

/     (2i+l)V\

V      8(C+eB)2/eB•
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Hence

4   -    (2i + l)ir2 /      (2* + 1)V2\
T(c + en) - T(c) * -E --f- exp ( - \ \   K = 0(É„

x <_o 4c3 \       8(c + «„)2 /

Thus (71) becomes

(72) Pr (S* < csn) = T(c) + 0(en) + 0((lg î.)-8).

Choosing, for example, 0 = 1 and

2      8 lg 10  lgo sn
en =-•-

6 lgSn

which is permissible by (41), we obtain (7) from (72).

Proof of Theorem 2. We have

4 /       x2 \       4 /      9x2\ ' 4 /       x2 \

7exp r ^J - r*exp r ^J -T(x)=7exp (,- w ;■

Since €B | 0, we have if e„<4-1,

T((l + €B)gn) = - exp ( - ~ (1 + e„)-2)
7T \ 8g„ /

4 / 7T2 \
(73) g — exp ( - — (1 - 20

7T V        8gÍ i

4 /      x2\ /x2e„\
= — exp I - —^Jexpl — -  1,

x \      8g„/ \ 4g2 /

4 /      x2 \       4 /     9x2\
r((l - en)gn) = - exp ( - — (1 - en)-2    -       exp ( - — )

x \      8g„ /      3x \      8gB/

4 /      x2 \        4 /     o^s.
(74) =-exp (-—-(1 + 4«,) )--exp(--— )

T \     8g2 /      3x        \     8g2/

4 /        7T2\ /        x2eB\ 4 /        9x2\

=7expv-^;exp(-^r^exp(-^>

Choosing

2      81gl0 6   lg2jB

0        gl lg íb

then (41) is satisfied, and from (8),

I      81glO-0   lg2jB
= o(l).

9 gtlgSn
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Hence we have

e,P(_) = 1 + „(1),

/ T2«n \
«„(__)= 1 + „(1,

Since gB i 0, we have

eXP(-5) = °(eXP(-^))-

Thus from (73) and (74), we obtain

- (1 + o(l)) exp (- —)$ T((l - e„)g„) = 3T((1 + eB)gB)
x \      8gB/

4
S — (1 + o(l)) exp

x

Therefore (58) becomes

Pr (St < gnsn) = - (1 + o(l)) exp (- ±-¡) + 0((lg j„)-e)-
x \     8gB/

Since we may choose 0 arbitrarily large, (9) follows on account of (8).

4. Some strong limit theorems. Since we shall deal with indices n, v, k

and so on, which ultimately tend to infinity, we shall often omit mention of

this proviso. Thus, sometimes our statements are true only when the appro-

priate index is sufficiently large.

The condition (6) is assumed in this section. From (6) it follows:

(75) r. = 0(sn~e), 0 > 0.

Let \pn Î °°, and

(76) tn - 0((lg2 sny>2).

Taking gn = 4'ñ1 in Theorem 2, we have

(9 bis) 4,e~** = Pr (St < 8~V\sn^X) Ú 4*~*\

We shall construct a subsequence {»*}, k = l, 2, • • • , as follows. Take

a>0. Put »i=l. Suppose that w* is defined already, then since sn Î , there is

a unique nk+i such that
—2

»«»«-î = i»*(l + aipnk) ^ î.,«.

V    8*2/'
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Hence (for k sufficiently large)

2 2 _2

«•»„-i á snk(l + 3a^„k).

By virtue of (75) and (76), we have

2 2 2      _2 2 2 2 _2

Snk+l   ^   Snk +  3a*,#»,   +  0-nk+l   ="   S„t +  4aSnk+1^nh ¡

2 2 _2  _1

sBJt+1 ^ sBt(l - 4#„t)    .

Thus there exists b>a such that

(77) Snk(l  +  afnl)   ̂    Snk+1  â   Snk(l  +  bf„l).

For simplicity we shall write k' for »*, s* for s„k, \f/'t for ^BJ., and so on.

Lemma 8. Suppose that \pn î °° a«d (76) holds. Let {»*} '6e any sequence

satisfying (77). r&e» if

(78) E *"*"* < *
*

we have

(79) Pr (5! < 8~VW;1 i. o.) = 0.

Proof. From (9 bis) we have

(*         x            sk        \ ,,
St <-) = 47e-(^-36'.

81'2 W¿ - 3Í)W

Hence by (78)

A       / * x s'k        \

*_i    V       s1'2 w2 - 3by2J

By the lemma of Borel-Cantelli (see, for example [13, pp. 26-27]), we

conclude that

/ *         x            sk \
Pr ( Sk- <-i. o. ) = 0,

\ 81/2 Wk - W2       I

that is,

(80)        Pr 1st t. —-î—*-for all sufficiently large k ] = 1.
\    - s1'2 ai - 3by2 )

Now suppose that «*<»^»*+i. Then if

81'2 (yfii2 - 3Ô)1'2
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we have by (77)

/ ;
* * X Sk+i Sk

n=  "' = l~m (^2 _ 3by2 77

^^sU^-sb^d + b^Y1.

If k is sufficiently large, we have

* x     Sk+l x     sn

"  =   81'2   7^_ =   8^  Tn

Thus (80) entails

/  *        x    sn \
Pr I Sn >-for all sufficiently large «1 = 1.

This is equivalent to (79).

Lemma 9. Suppose that ^„î » and (76) holds. Let {»*} 6e any sequence

satisfying (77). Then if

(81) De"*"**" 00
*

we /¿aw

/     * X Sn \
(82) Pr(5„<-i. o.) = l.

Proof. By (77), given s'klll, there is a unique v such that

(83) si, = s'^j'^ < s,7i.

From (9 bis) we have, if e>l/8 is any constant,

/   * X Sic \
Pr (5*. <-:-) = 4,<r<*i

V 81'2 (tf + 8C)1'2/
¿+sc\

Hence by (81) we have

(84) £   E Prfst < — -,---) = ».
ZÍ  k%       \ 81/2 (^*2+8C)1'2/

Let   {v(0},  ?" = 1>  2, • • • , denote the subsequence of v = l,  2, ■ • ■ for

which

(85) ^(fcWi) > V^(¿7>-i) + 1.

Then we have
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x sk

81'2 (#h + scy
Pr(5*  < —-^ < Aie-^'+w < A$¡,-2(k')e-*^k''>i2.

\ 81'2 U'k + 8C)1'2/ ~

From (83),

,      .' *^+i-i / a \        *^+i-i    i

<*%** iifi + ̂ Wz  t.
J*„       *=*„ \      y  /       *=*„   f

Hence

*„(r)+l-l / _ <¡, '      \ *„(r)+l-l

4L        V 8i/2(^'2 + 8C)W *±,

Thus by (85)

(86)
*K(r)+l-l /    „ _ o' \

£     £     Pr(5t < — —Ü-) ^ ,49£ «-*'<**»/« < oo.
,     4rM V 8i'2 (^l + SC)1'2/ T

From (82) and (86) we conclude that if we delete the values of v equal

to v(r), r = l, 2, • • ■ , in (84) the remaining series is still divergent. Without

loss of generality we may then assume that, for some fixed vo,

(87) £'        TPrfo<-      2   S'k )=<*.
H^-iMD Ä,       V 81'2 (¿1+8C)W

where the prime after the summation indicates the omission of the values v(r).

Denote by:

En the event

£^_x the event

£„_i,„ the event

st<~ ->
81'2 Vm

5*^! = Cs*'^,

max     I S. — 5*' , I <-:-> k', g ju ̂  ^+J.
*'_,«.&.      • >_1 '      81'2  (^2 + 8C)1'2

If V7^v(r), then from  (83) and  (77) we have, since #JS#JLi+l, ^
= 21'Vi7 for large?,

(88)    s7t < *£/*,(! + ^*;2) ̂  /*, 21 vc (i + wC ) = 2*s ̂c3 •
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Then if we have the conjunction E^-iE^-i^, we have by (88)

Su

S»<-
81/2 (ft + 8C)

. x  / su 2Csu\
-L cs    ,  < -( -"-1--1
1/2^      -i       8W*\(# + 8C)1'2       fl )

x   Sp / 1 2C\        ir    Sf¡

< ¿T2 Vv\(l + 8C^p 2y2      vj< 8^7^

Therefore if Ví¿v(r), the conjunction E'„-\E„-itll. implies Eu. Writing

*m-i—i *j»+i—i

F» •• £ £p,     £.. = £ -Er-i.p,
"— *¡, M— *¡,

we have, if vj¿v(r), E'V-\F[ implies F„, hence

00 00

£' £¿-iF¿   implies      £' F„

(89) Pr ( £' £;_if :) = Pr ( £' f\

The events F't, F'v+2, F'v+i, ■ ■ ■ are independent and Fj for j^v is inde-

pendent of E'r_l. By the Kolmogoroff inequality [15] we have

(90) Pr (£7) è 1 - 1/C2 •

We obtain, by an obvious argument and (90), for all vi^v0,

Pr ( £'£7f:) = Pr ( £' (eUfI - E^FÍ £ eUf')

= Vrít'EíJFÍ-FÍ  ±'F'))

= £'Pr(JE7)Pr(f;-JF;  ±'F')

*(^¿M£4
Hence by (89) and (91) we have

Pr(£'^)^(l-¿)Pr(£'K)
\ »-»1 / \ l-   / \ >=v, /

= (l-^)Pr( £'       4
\ w  / \ PoBfl.l'M vn (mod 2)    /

Since the events F'VQl FrV0+2, K0+4i * * * are independent, by the lemma of

(91)
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Borel-Cantelli we know that

Pr( £'      F:) = l

if and only if

(93) £'        Ti(F'y) = ».
v=l,»= VQ (mod 2)

If we can prove (93), then from this remark and (91) we shall have for all

vi^vo, hence in fact for all vi,

a fortiori, for all »i,

7á4si7
Since we may choose C arbitrarily large while the left-hand side does not de-

pend on C we shall have proved for all »i, Pr( £B_Bl E„) = 1, which is equiva-

lent to (82).

Hence to prove (82) it is sufficient to prove (93). By definition this is

equivalent to

(94) £'     Pr(   £( £,_!,„)= m.
v=*ltv= co (mod 2) \     p=ky /

Comparing (94) and (87) we see that in order to prove (94) it is sufficient

to prove that for v^v(r), there exists a constant ^4io>0 such that for all

sufficiently large v, the following shall hold :

(*i+i-l              \                **+i-l         /                   T                  Sk' \

£ £,_i,p) = ^io£   Pr(5t<-;-J.
Ä           I            ZÍ,       \           81'2 (M2 + 8C)>'2/

We have for any integer N>0,

(*í+i-i \ / *»+i-i \
£ £,-i,p UPr       £   £,-!,*- )

ß-k'„ / \    *=*„ /

H-l—1 / *K+1 \

2_i  Pr I £„_i,*' — Mr-\,v   2-1   R'-ï.i' )•
fc-*„ V J=*+JV /

1 *c+l-l      / *rt-l

N

Now we see easily that £»_i,*-£,_],,- implies Ek,¡ where Ektj denotes the

event
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max    I^-äJ <—(-—-+-^-Y
nk<i¿»j 8"2\(iiik + 8cy2    (fis + 8cy2 )

Since Ev-\,k> and E't,¡ are independent, we have

Pr (£,-!,*.£„_!,,-.) ^ Pr (£,_!,*<) Pr (Ek,¡).

If we can prove that, for a suitable N,

*H-1 1

(97) £   Pr (E'k,j) < -,
j=k+N ¿

then from (96)
/

/ kvH \ J       kv+l / ku+i \

Pr(£ £„-i,p)è—   £  Pr( £,_i,*'-   £  E^.E^A
\li=k'v / N     k-kv \ j=k+N /

fe„+1 / *„+l \

£ Pr (£,_!,,-)    1 -  £   Pr (£*„))
]c=kv \ j=k+N /

1       *c+l

By (9 bis)(4) we have >!

2 2 1/2

Pr (£,_i,*0 = Pr  (    max     | Sp - £*;_, | < 8~^2x  '*,' ~ ^^—^
\*;-,<pS*' (¿*' + 8C)x'2/

At¡       / * 5* \

A,      \ (f2k. + 8Cy2J

Thus from (98) and the last inequality we shall have proved   (95)   with

.4io = .46/2.^.47- Hence it is sufficient to prove (97).

Now we have, since #*£$? è^2   -lè#a-i,

\     *m

(98) fc-r-   '
N   k

Sk

<

(fi2+8Cy2       (f?- 1 + 8C)1'2'

t I i i IT /2 /2   1/2J* \
(99) Pr (£*,,) g Pr (   max   | 5< - 5^   < —r (s,   - s* )    g¿ )

\ «hé'útj 81'2 /

where

2s,-
(100)

"      (si2 - Sk2)1'2^2 + 8C- l)1'2

(4) See footnote 3.
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It is obvious that gj [ 0; in order to apply Theorem 2 we have to verify that

,2 /*\l/>/ ,'2      ,       r,^. ..x1/2

á Au(lgt (s'j¿ - s'k))1
(if    -  Sk)       (fj   +  8C  -   1) ,2 ,2xsl/2

which is evident since

/      Sj   - Sk       \1/2 */

Wry-*")/   =  12^,'

by (76). Therefore we have from (99) and (9), Theorem 2,

(101) Pr (Sfk,i) á Avß - g?.

We have for sufficiently large k, from (77),

s* a
(102) -_- á 1 -

St+l ¿^*

s*       / «    V"*

7   v   *FV '
If Äx = 5 where 5>0 is sufficiently small, then (l—x)h^l — b'hx where ô'>0

is another constant. Hence if j — k á W? we have from (102)

s* ^ .      à'a(j - k) si j - k
-rSl-¡?i- l--2 = «'—7T-
Sy l/-,- Sj fj

where a'>0. Then from (100)

gj ^ 2(a'(j - *))-*».

Hence by (101) we have

(103) Pr (E'kti) = Au exp (- 4rW*(j - k)).

If hx>5, then (i-*)*<*"<!, hence from (102), \îj-k>ty'2,

Sk Sk 2

—- < 5o < 1,        1 - -r2 = 1 - «o;
Sf Sj

gj g 2(1 - s^'Vr1;
(104) Pr (E'k.j) ^ A13 exp (- 4~\l - £&'?).

From (103) and (104),
2

(105) £   Pr (Eli) = aJ £ e~a'i/4 + (¿v+1 - fc) exp (- -ITL^Y). .
j=k+N \ i-N \ 4 //

We have by (83),

<Áa(i+f)...(.4)íl+
s*„       \        *'*„J.1-i / \        IP*. /

<l(£,.+ l    —     ky)

.'2
rfc,,+1
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Hence we have

,5
ky+l    —     ky    ̂     Aufky+l-

Since V7*v(r), we have f*í+iá2f¿2. Hence

/6
ky+l   —     ky    ̂     6.4 uf*/,

2

(k,+i — ky) exp Í-ft J ^ Auif/'kye    -  *" = o(l).

Thus by choosing N sufficiently large we obtain from (105) the desired (97), if

v is sufficiently large. The proof of Lemma 9 is thus complete.

Lemma 10. If {«*}, k = l, 2, ■ ■ ■ , is defined by (77), then the series

. £ e~*n"

and

converge and diverge together.

Proof. We have

2

y-^    °~n   ,2  -i

2^ -rfne
s2

2 2

On SB_1

7—        7~
Sn SB

2b

Since x¿ — lg (1— x) ^2x if 0<x<l, we obtain

2 2 2

On ,      / f«\ . Sn
7á-lgl-T='"7-
sB \ sB / sB—l

2 /2
E<rB st+i / 6 \       21

-< In- —_ < 2 W I 1 4- -— 1 < —2 = i0     ,.2   = ¿ i0 i i -r   .'2 } —   ,i

»t<nánj+1 s„ s* \      f * /     r»
2 2 2

2(TB / <Tn\ Sn

— à -lg( 1 -Tj-lg-V-'
Sn \ Sn / S..-1

2/2 / \
._>      Un st+i / a \        a

2     £     7-èlg-^-à21g(l + ^)è-7r-
Bl<nSnt+i   SB St \ ft   / ft

Since fBe_*n J, , we have
2

— e = f t e — 7J- ̂  L    T^e      = ** e        T* = 2be
¿ 2ft B4<Báni+1   SB ft

Lemma 10 follows from this inequality.
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Proof of Theorem 3. The 4>n given in (11) is monotone increasing and

<£B = 0((Ig2 s„)l/2). Hence Lemma 8 and Lemma 9 are applicable. Hence

* —1/2 —1 (0
Pr (SB < 8   ' xs„4>„   i. o.) =  <

according as

By Lemma 10, the last series converges and diverges with (13), which in this

case is

2

(1 + o(l))o-n lg2 S„

„      S2 lg S„(lg2 Sn)2 lga S„  •   •   •   lgp SB(lgp+l Sn)1+S

Hence a well known theorem of Abel-Dini asserts that this is convergent if

and only if § is positive. Thus Theorem 3 is proved.

Proof of Theorem 4. Suppose that <f>n î ». Define
2 2

(106) f „ = min (<j>n, 2 lg2 s„).

If (13) is convergent, then

ZÍ&+- £ +   £   <-
1        S» *n-*n *Jè2  lg2  »„

since again by the Abel-Dini theorem we have

^ , ^  2o-n lgi s„

Z—I =    ¿—I        2/1 \9
*2„â2 le .„ sn(ig sny

By the definition (106) fB satisfies (76), hence by Lemma 8,

Pr (S* < 8-1/2xsnf^ i. o.) - 0.

Since fn^$Bi a fortiori (12) is equal to zero.

If (13) is divergent, then since fB=<£BI we have

2
V    ff»   ,2  -*»

Since f „ satisfies (76),by Lemma 9, Pr (S* <8-1/2xsrf „-1 i. o.) = 1. By Theorem

3, we have

I     * -1/2 SB \
( Si < 8       x-i. 0. 1 = 0.
\ (2  lg, Sn)1'2 )(2   lg, Sn)1

Hence there exists a subsequence w¿ such that fBj^2 lg2 sB(. and



232 K. L. CHUNG [September

Pr (S* < 8~VWi#„?i. o.) = 1.

By the definition (106), we have f „,. =<£Bi. Hence (12) is equal to one. Theorem

4 is proved.

Proof of Theorem 5. By Theorem 4 it is sufficient to prove that the series

(107) £ -4>(sn)e *c"'

and the integral (15) converge and diverge together.

We have, since t-14>2(t)e-*'l<-t) | 0,

2

/CO a CO /•   S„ n—12,.   —<t>(t) ^-^       /     n     —12,.   —*  (0

2 /   4> (t)e        dt =   £    I       «   f (Oe        <ft

2 2

A       SB  —   SB_l      2     2     -*2(s2)
è 2-   -i—<¿ (s»)«

n=*+l S„

Hence if (107) diverges, (15) diverges too.

On the other hand, we have

2

«—.       0"B      22       —(¿2(s2  .) C °° — i  2      —d>2m

(108) £    -j—0 (sB_i)e       Lj) = ¿   * (Oe        ¿*.
n—JV+l   SB_i J S2

From (75) we have sB = sB_i+(72 =is2_1 + 0(sB-29). Hence if n is large enough,

we have

(109) sB = 2sB_i.

Let nk, k —1,2, •■• , denote the subsequence of n = l, 2, • ■ • for which

(HO) 4>\slk) > 4>\slk-i) + 1.

Evidently we have by (109) and (110),
2 2

(111) 2-,-T— 0 (snt-i)e       "*      á^ul^-j-e *        <°o.
*      Sn¿—1 fc       Sn¿

Hence if (15) diverges, we have, by (108) and (111),
2

(112) ¿-f      _2—0 (s„_i)e =oo.

By  (110)  if »7=«*, we have 02(s„) á02(s„_i) + l.  From  this and   (112)  we

obtain
2 -1 2

2-, — 4> (s»)e ^—-2^^—f (sn-i)e « *>.
sB 2 sB_i

Theorem 5 is proved.
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